Abstract. We study algebras A, over a field of characteristic zero, satisfying (x p , x q , x r ) = 0 for p, q, r in {1, 2}. The existence of a unit element in such algebras leads to the third power-associativity. If, in addition, A has degree ≤ 4 then A is power-commutative. We deduce that any 4-dimensional real division algebra, with unit element, satisfying (x p , x q , x r ) = 0 is quadratic. This persists for (x, x q , x r ) = 0 if we replace the word "unit" by "left-unit".
Introduction
The study of finite-dimensional (FD) real division algebras is a fascinating topic that arose after the discovery of quaternions H and octonions Ø. Classical results show that {R, C, H} classifies the FD real associative division algebras ( 3 division algebras, and despite a series of additional works 1 An algebra A over an arbitrary field is said to be alternative if it satisfies (x, x, y) = (y, x, x) = 0 for all x, y ∈ A. 2 Algebra A is said to be flexible if it satisfies (x, y, x) = 0 for all x, y ∈ A. 3 Algebra A is said to be quadratic if it contains a unit element e and for all x ∈ A the elements e, x, x 2 are linearly dependant. Third power-associative algebras are a natural generalization of powercommutative ones, and was already studied ([Elm 83, 87], [EP 94]) but apparently never in the context of division algebras. In the present work we begin our study with a third power-associative algebra over an arbitrary field of characteristic zero. We show that the additional assumption of the existence of a one-sided unit and that the algebra has degree ≤ 4, ensures the commutativity of powers (Lemma 1). We deduce that every real third power-associative division algebra, with one-sided unit, having degree ≤ 4 is quadratic (Theorem 3).
Algebras satisfying the identity (x p , x q , x r ) = 0 for fixed p, q, r ∈ {1, 2} were also studied outside the general context of division algebras
([CR 08], [CRR 11], [Elm 01], [EE 04]).
Here we show first that every real division algebra, with left-unit, satisfying (x, x, x 2 ) = 0 is quadratic (Theorem 1). This remains true for every real division algebra, with unit element, of degree ≤ 4 satisfying (x p , x q , x r ) = 0 (Theorem 2). Above result persists for every identity (x, x q , x r ) = 0 if we replace the word "unit element" by "left-unit element" (Theorem 3). In the other hand there are examples of real left-unital division algebras of degree 2 satisfying (x 2 , x q , x r ) = 0 for all q, r ∈ {1, 2} containing no right-unit element. Hence the need, here, for the assumption of the existence of a two-sided unit element.
Notations and preliminary results
Algebras A will be considered over a field K of characteristic zero. We denote by (x, y, z) (resp. [x, y]) the associator (xy)z − x(yz) of x, y, z ∈ A (resp. the commutator of x, y ∈ A). The subalgebra of A generated by every element x ∈ A is denoted by A(x).
(1) Algebra A is called
(3) A is called a division algebra if it is FD and the operators L x and R x of left and right multiplication by x are bijective for all x ∈ A − {0}.
(4) If K is the field of real numbers R the algebra is said to be real. The (1, 2, 4, 8)-theorem shows that the degree of every real division algebra is 1, 2, 4 or 8.
Let now A be one of classical real division algebras C (complex numbers), H (quaternions) or Ø (octonions), and * A, * A , the standard isotopes of A having A as vectorial space and products x * y given respectively by xy, x y where x → x is the standard conjugation of A.
3. The identities (x p , x q , x r ) = 0 Let now A be an algebra and p, q, r be natural numbers in {1, 2}. There are maps f m : A → A for m = 1, . . . , p + q + r − 1 such that the equality
holds for all scalar λ and x, y ∈ A. Moreover, f m (y, x) = f p+q+r−m (x, y) for all m ∈ {1, . . . , p + q + r − 1}. The identity (x p , x q , x r ) = 0 in A is equivalent to f m ≡ 0 for all m. We denote f m ≡ 0 by (p.q.r.m) and call it the m th identity obtained by linearization of (x p , x q , x r ) = 0. The following three tables, where x•y denotes xy + yx, specify the cases (p.q.r.1), (p.q.r.2) and (2.2.2.3) respectively:
The first corresponding identity (p.q.r.1)
The second corresponding identity (p.q.r.2) (x, x, x) = 0 [
The third corresponding identity (2.2.
We have some relationships between the identities (x p , x q , x r ) = 0 : Proposition 1. Every TPA algebra satisfies the identity (x, x 2 , x) = 0.
Proof. The result is well known [Raf 50 1 ] and follows here from (1.1.1.1) by putting y = x 2 and taking into account the characteristic of K. Proposition 2. Let A be an algebra, with unit element e, satisfying the identity (x p , x q , x r ) = 0 for fixed p, q, r in {1, 2}. Then A is TPA.
Proof. We can assume that (p, q, r) = (1, 1, 1 ) and the result is immediately obtained from the equality (p.q.r.m), where m = p + q + r − 3, by putting y = e and taking into account the characteristic of K. Proposition 3. Let A be an algebra over K, with a left-unit e, having no non-zero divisors of zero. If A satisfy the identity (x, x q , x r ) = 0 for fixed q, r in {1, 2}, then A has unit element e and is TPA.
Proof. We can assume that (q, r) = (1, 1) and putting x = e in the equality (1.q.r.1), we have: 0 = (y, e, e) = (ye − y)e. As A has no non-zero divisors of zero, e is a right-unit and Proposition 2 conclude.
The identities (x, x, x 2 ) = 0, (x 2 , x, x) = 0 have a particular importance:
Proposition 4. Let A be an algebra over K, with left-unit e, having no non-zero divisors of zero. If A satisfy the identity (x, x, x 2 ) = 0 then A has unit element e and is power-associative.
Proof. Consequence of Proposition 3 and ([A 48] Theorem 2).
As consequence:
Theorem 1. Let A be a real division algebra, with left-unit e, satisfying the identity (x, x, x 2 ) = 0. Then A has unit element e and is a quadratic algebra.
Proof. A is power-associative and [Roc 94] conclude.
We illustrate by the organization chart summarized below the "hierarchy" between different non-associative identities introduced in this text:
The result
We have the following preliminary result:
Lemma 1. Let A be an algebra, over K, of degree ≤ 4 having a left unit e. Then A is power-commutative in any one of the following cases:
(1) e is a two-sided unit and A satisfies the identity (x p , x q , x r ) = 0 for fixed p, q, r in {1, 2}.
(2) A has no non-zero divisor of zero and satisfies the identity (x, x q , x r ) = 0 for fixed q, r in {1, 2}.
Proof.
(1) According to the Proposition 2 algebra A is TPA. The first assertion follows then from ([Raf 50] Théorème 3, p. 578).
(2) The result follows from the first assertion and Proposition 3.
We can now state the following result: Theorem 2. Let A be a real division algebra, with unit element e, of degree ≤ 4. Then the following assertions are equivalent:
(1) A satisfy the identity (x p , x q , x r ) = 0 for fixed p, q, r in {1, 2}.
(2) A is power-associative. Theorem 2 remain true if one replaces the assumption "A has a unit element" by "A has a left-unit element" and identity "(x p , x q , x r ) = 0" by "(x, x q , x r ) = 0", thanks to Proposition 3: (1) A satisfy the identity (x, x q , x r ) = 0 for fixed q, r in {1, 2}.
(2) A is quadratic. 
